In this article, a numerical efficient method for fractional mobile/immobile equation is developed. The presented numerical technique is based on the compact finite difference method. The spatial and temporal derivatives are approximated based on two difference schemes of orders O(t 2Àa ) and O(h 4 ), respectively. The proposed method is unconditionally stable and the convergence is analyzed within Fourier analysis. Furthermore, the solvability of the compact finite difference approach is proved. The obtained results show the ability of the compact finite difference.
Introduction
The governing equation of transport was derived based on Fick's law and is commonly called the advectiondispersion equation (ADE). 1 The ADE will predict a breakthrough curve (BTC) that can be described by a Gaussian distribution function from an instantaneously releasing solute source. 1 The interested readers can find more details in previous studies. [2] [3] [4] [5] [6] [7] Also, the mobile/ immobile model is considered in previous studies. [8] [9] [10] [11] [12] Here, the time fractional mobile/immobile equation is studied to the following form 12, 13 ∂u(x, t) ∂t + ∂ a u(x, t)
∂u(x, t) ∂x + f (x, t), (x, T ) 2 ½0 h 3 ½0 T , 0\a\1 ð1Þ when the boundary conditions are u(0, t) = f 1 (t) 0\t\T u(h, t) = f 2 (t) ð2Þ and the initial condition is u(x, 0) = g(x), 0\x\h ð3Þ
where ∂ a ( )=∂t a is the Caputo fractional derivative of order 0\a\1. For getting more information on fractional PDEs the interested readers can refer to. [21] [22] [23] [24] [25] Some numerical methods have been developed for the solution of equation (1) such as finite difference (FD) method 12, 13 and meshless method. 14 Also, the fractional equation is studied by several methods, for example, high-order FD scheme for modified anomalous fractional sub-diffusion equation 15, 16 and FD method for a class of fractional sub-diffusion equations. 17 The main aim of this article is to see the performances of the compact FD for the fractional mobile/ immobile equation. The article is organized as follows. In section ''Compact FD scheme,'' we develop a highorder FD scheme. Section ''Stability analysis'' presents the stability analysis for the proposed difference scheme. In section ''Convergence analysis,'' the convergence analysis is studied. Some numerical results are presented in section ''Numerical results.'' Finally, a brief conclusion is written in section ''Conclusion.''
Compact FD scheme
Let h = L=M and t = T =N be the step sizes of spatial and temporal variables, respectively. So, we can define spatial and temporal nodes as x j = jh, for j = 0, 1, 2, . . . , M, and t k = kt, for k = 0, 1, 2, . . . , N :
The exact and approximate solutions at the point (x j , t k ) are denoted by u k j and U k j , respectively. We introduce the following notations
where u k j = u(x j , t k ).
Lemma 1

26
. Assume the below equation
A CFD scheme for it is as follows
so equation (1) can be written as follows
we can write equation (7) as follows
where there is a constant c 1 such that
Based on Lemma 2 in Sun and Wu 18 we have
where there exists a constant c 2 such that
Substituting equation (10) into equation (8) gives
where
Denoting m = t Àa =(G(2 À a)), the proposed difference scheme is
Since m 1 , m.0 thus A is non-singular matrix.
Theorem 1. For the appeared scheme in equation (14), there is a unique solution.
Proof. We must solve linear system of equations AU k = b at each t k = kt to obtain the numerical solution. Since for any m and m 1 , the coefficient matrix A is invertible so the solution of scheme in equation (14) exists and is unique.
Stability analysis
LetŨ n j be the approximated solution of equation (14) . Consider
With this definition and regarding equation (14), we can obtain the round-off error equation as
Now we define the grid function
Then r k (x), k = 1, 2, . . . , N , can be expanded in a Fourier series
Now introduce the following norm
Note that we can obtain
by using Parseval equality
We can assume the solution of equation (15) as
where s = 2pl=L. Now, substituting this expression into equation (15) yields
Proof. Because of h 1, t 1, and G(2 À a).0 we can see that m.0. Furthermore m 1 .1, too. So, it is easy to see that
The relation (18) holds if and only if
If we put
then relation (18) holds if and only if
which completes the proof.
Theorem 2. Let d k be the solutions of equation (17), so
Proof. In case of k = 1 according to equation (17), we have
Also, we can write
Now, Lemma 3 yields
Now, equation (17) yields
Theorem 3. The CFD scheme (14) is unconditionally stable.
Proof. Using inequality (20) in equation (16) yields 
Convergence analysis
Here, we analyzed the compact difference scheme (14) in terms of convergence. We will show the relation (14) has the spatial accuracy of fourth order. For this end, we need some lemmas and theorems that will be expressed. First, we consider definitions of e k (x) and R k (x) in Chen et al. 20 Thus, for k = 0, 1, . . . , N, e k (x) and R k (x) are
where Pourbashash et al.
Now, we define the following notations
and introduce the following norms
Using the Parseval equality
and
Also, we have
We can obtain
Subtracting equation (14) from equation (12), we obtain where s = 2lp=L. By substituting the obtained relations into equation (29), we yield
where u = sh. Because of e 0 = 0, we can write
Furthermore, the first equality in equation (23) and inequality of equation (28) 
Also there is a positive constant C 2 as
Lemma 4. The below inequality holds
Proof. Since 0\a, t 1, we can obtain m = 1=(t a G (2 À a) ).1. Now the above relation holds if and only if
Now, we have
This completes the proof.
. . , N ) be the solutions of equation (30), then a positive constant C 2 exists such that
Proof. Applying equations (30), (32), and Lemma 6, we can write
Now, suppose that
From Lemmas 3 and 4
Theorem 5. Suppose u(x, t) is the solution of equation (1), then the compact FD scheme described in equation (14) is L 2 -convergent and its convergence order is O(t + h 4 ).
Proof. According to Theorem 4, equations (26), (27), and (31), we have
Numerical results
Here, we present some test problem to verify the developed method. To demonstrate the accuracy of this method, we use L ' norm for computing errors. Also, the computational orders of the presented method (denoted by C-Order) is calculated using the following formula Table 1 . Evaluated computational orders and errors with t = 0:02 and g = 1=30, for Test problem 1. Table 4 . Evaluated computational orders and error values with t = 1=50 for Test problem 2. where E i is the error value that corresponds to grid with mesh size h i .
Test problem 1
We consider the time fractional mobile/immobile equation with the form described in equation (1), where
where exact solution is a Gaussian pulse with t height centered at x = 0:5, that is u(x, t) = t exp À (x À 0:5) 2 g boundary and initial conditions can be obtained from the exact solution. Table 1 demonstrates the L ' error, computational order and total central processing unit (CPU) time (in second). The computational order of Table 1 is closed to the theoretical results. Figure 1 is based on a = 0:35, h = 1=256, and t = 1=10. Also, the used parameter in Figure 2 is a = 0:65, g = 0:001, h = 1=128, and t = 1=50.
Also, in Table 2 , we can see error obtained with h = t and different values of a for this problem.
Test problem 2
Again, we consider the time fractional mobile/immobile equation with the form described in equation (1) with source term Figure 3 . Graphs of exact and approximate solution, absolute error, and surface plot of approximated solution with parameters a = 0:45, t = 0:025, and h = 1=256, for Test problem 2.
In this case the exact solution is as follows (Figure 3) u(x, t) = 10(1 + t)x 2 (1 À x)
2
In Table 3 , we compare the errors obtained with the method of this article and method of Zhang et al. 12 where a = 1 À 0:5 exp( À x). We see that the present method has good results in comparison with the method of Zhang et al. 12 Computational order, L ' error and CPU time (in seconds) are shown in Table 4 . Also, Table 5 presents the error of numerical results for this problem with different values of parameters a and t. Figure 3 demonstrates graphs of exact and approximate solution, absolute error, and surface plot of approximated solution with parameters a = 0.45, t = 0.025, and h = 1/256, for Test problem 2.
Conclusion
In this article, we built a compact difference scheme for the solution of time fractional mobile/immobile equation. We proved the unconditional stability property and convergence by Fourier analysis. It was shown that the numerical simulations obey the theoretical results. Examples are given and when the results obtained using this method with exact solutions are compared, this method shows applicability and efficiency.
